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Abstract
Lowest energy spectrum of the 12C nucleus is analyzed in the 3α cluster
model with a deep αα-potential of Buck, Friedrich and Wheatley with Pauli
forbidden states in the S and D waves. The direct orthogonalization method
is applied for the elimination of the 3α-Pauli forbidden states. The effects
of the first order quantum phase transition are shown in the lowest 12C(0+1 )
and 12C(2+1 ) states from gas-like phase to a deep liquid phase. It is found
that the absolute value of the liquid phase energy in the 12C(2+1 ) state is very
close to the mass of the hypothetical X17 boson. The energy defect of about
17 MeV in the experiments with the 8Be and 4He nuclei could be explained
as a background effect due to a quantum phase transition in carbon-12.
Keywords: 3α model, quantum phase transition, hypothetical X17 bo-
son.
1. Introduction
Few years ago, in 2016 there were two important discoveries in the low-
energy nuclear physics. The first is related to the anomaly in the e+e− pair
creation data in the isoscalar and isovector magnetic dipole transitions from
excited states of 8Be to its ground state [1]. The enhancement of the signals at
large angles of about 140 degrees was interpreted as a strong evidence for the
existence of a new X17 boson with the mass of about 17 MeV/c2 which would
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carry the fifth fundamental force of the Universe. Since the first report of the
authors of Ref.[1] many theoretical and experimental efforts have been done
in nuclear and particle physics in order to understand the nature of the new
boson [2–9]. However, up to now, there are no any independent experimental
confirmation, nor a reasonable theoretical explanation of this effect within
the frame of the Standard Model. Although the model used for the analysis
of the original data in Ref.[1] was further improved significantly [10], the
problem still remains unsolved. Moreover, the same Atomki group recently
reported on new evidence supporting the existence of the hypothetical X17
particle as a result of the analysis of magnetic M0 transition in the 4He
nucleus [11]. At the same time, some nuclear background processes still can
contribute to the anomaly. One important point here could be based on the
observation that the both processes producing the anomaly proceed through
α-like nuclei, 4He and 8Be. Based on the fact that the processes of excitation
of the 4He and 8Be nuclei can yield multiple α-particles during the short
nuclear interaction time in a small space volume, the above pair creation
anomaly might be connected with structural properties of α-like nuclei 8Be,
12C or 16O, contributing to nuclear background processes.
In this respect the second discovery from 2016 which is related to quantum
phase transition (QPT) in the 12C ground state, would be useful. The effect
was found within the frame of ab initio method [12] based on the chiral
effective field theory potentials. The importance of the finding is connected
with a role of the carbon element in the Universe, thus allowing to conclude
about ”the life near a quantum phase transition” [12]. The ab initio method
of Ref. [12] is of course a powerful tool for studying hyperfine effects from
first principles of the quantum chromodynamics (QCD). In this sense the
method has more predictive power than other approaches (see recent review
[13] and references therein).
The discovery of the QPT in 12C inspired new research interest on the
structure of this important quantum object. Very important question is,
whether it is possible to observe an affect of the QPT within the framework
of a 3α cluster model for practical applications. Another interesting prop-
erty of this nucleus is its special structure, associated with the Bose-Einstein
condensation [14]. Although the 3α cluster model for the structure of the
lowest 12C states seems very natural due to strong binding of nucleons inside
the α-clusters, there are serious problems, associated with a realistic mod-
eling of Pauli forces. Repulsive local αα-potentials, both l-dependent and
l-independent, strongly underestimate the bound states of the 12C nucleus
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[15]. The application of the alternative local deep αα- interaction potential
of Buck-Friedrich-Wheatley (BFW) [16] requires a careful treatment of the
Pauli forbidden states (FS). The method of orthogonalizing pseudopotentials
(OPP) [17] is a powerful technics for the elimination of forbidden states in a
three-body system. The wave functions of the 6He and 6Li nuclei calculated
in the α+N+N three-body model based on the OPP method, have been suc-
cessfully applied to the study of the beta decay of 6He halo nucleus into the
α+ d continuum [18, 19], and the astrophysical capture reaction α+ d→6Li
+γ [20–22]. However, the 3α quantum system is strongly different from the
α+N+N , which contains a single α-particle. Here αα-Pauli forbidden states
play a decisive role in the description of dynamics of the 3α system. Indeed,
within the OPP method it was found [23, 24] that the energy spectrum of
the ground 0+1 and first excited 2
+
1 states is highly sensitive to the description
of the αα-Pauli forbidden states. From the results of the calculations it was
not possible to understand how to fix the energies of the ground and excited
levels, since a convergence in respect to the projecting constant λ was not
clear. When passing values λ = 103 − 104 MeV the energies of the ground
0+1 and first excited 2
+
1 states increase sharply, which was not usual.
On the other hand, a complicated nonlocal αα potential derived from the
resonating group model calculations is able to reproduce the energies of the
ground state and the Hoyle (0+2 ) resonance [25].
Based on the results of the ab initiomethod [12], it would be interesting to
reanalysis the results of the 3αmodel. The aim of present study is to examine
the effect of QPT within the 3α cluster model with a deep αα-potential
of BFW. This will be done using more transparent direct orthogonalization
method [24] for the elimination of the 3α Pauli forbidden states. Additionally,
a possible connection to the problem of the hypothetical X17 boson will be
discussed.
2. Theoretical model
The direct orthogonalization method [24] is based on the separation of
the complete Hilbert functional space into two parts. The first subspace
LQ, which we call allowed subspace, is defined by the kernel of the complete
three-body projector. The rest subspace LP contains forbidden by the Pauli
principle 3α states. After the separation of the complete Hilbert functional
space of 3α states into the LQ (allowed) and LP (forbidden) subspaces, at
next step we solve the three-body Schro¨dinger equation in LQ.
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The αα- interaction potential of Buck-Friedrich-Wheatley (BFW) [16]
has a simple Gaussian form
V (r) = V0exp(−ηr
2), (1)
with V0=-122.6225 MeV, η = 0.22 fm
−2. This choice of the potential parame-
ters yields a very good description of the experimental phase shifts δL(E) for
the αα- elastic scattering in the partial waves L = 0, 2, 4 within the energy
range up to 40 MeV. The Coulomb interaction potential is taken in the form
VCoul(r) = 4e
2erf(br)/r, (2)
where b=0.75 fm−1. Hereafter we use a value h¯2/mα = 10.4465 MeV fm
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for comparison with the results of Ref.[24]. This potential contains two
Pauli forbidden states in the S wave with energies E1 = −72.6257 MeV
and E2 = −25.6186 MeV, and a single forbidden state in the D wave with
E3 = −22.0005 MeV. For the realistic description of the system one has to
eliminate all FS from the solution of the three-body Schro¨dinger equation.
In order to separate the complete 3α functional space into the LQ and
LP we calculate eigen states and corresponding eigen values of the projecting
operator [24]
Pˆ =
3∑
i=1
Pˆi, (3)
where each Pˆi, (i = 1, 2, 3) is the sum of Pauli projectors Γˆ
(f)
i on the partial
f wave forbidden states (1S, 2S, and 1D) in the i-th αα-subsystem:
Pˆi =
∑
f
Γˆ
(f)
i . (4)
3. 12C(0+) spectrum
Numerical variational calculations have been performed using the sym-
metrized Gaussian basis [23] differently from Ref.[24] where the Faddeev
equation method was employed. First we calculate the 12C(0+) spectrum.
The three body channels (λ, ℓ) = (0, 0), (2, 2), (4, 4) contain up to 280 Gaus-
sian functions. Convergence is fast due to the use of symmetrized basis
functions. We reproduced the spectrum of the operator Pˆ in the 3α func-
tional space with Jpi = 0+, firstly calculated in Ref.[24]. It belongs to the
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interval from 0 to 3. As was noted above, the allowed subspace LQ is defined
by the eigen states of the operator Pˆ , corresponding to its zero eigen value:
LQ = kern(Pˆ ). However, in the 3α system this procedure is not easy due
to a high sensitivity of the energy on the description of αα-Pauli forbidden
states [23]. As in mentioned work, there are two eigen states of the operator
Pˆ among other eigen states, which play a decisive role for the structure of the
12C(0+) lowest states. The first special eigen state Φ1 corresponds to a small
eigen value ǫ1=1.35333×10
−5: PˆΦ1 = ǫ1Φ1. The second eigen state Φ2 of
the operator Pˆ with corresponding eigen value ǫ2=1.07152×10
−3 is especially
important for the structure of the 12C nucleus. Both eigen values are close to,
but not exactly zero, nevertheless they strongly influence on the structure of
the carbon nucleus. This makes the corresponding eigen states of the opera-
tor Pˆ very special and in above work [24] they are called ”almost forbidden
states” (AFS). In Fig.1 we display the calculated 0+ spectrum of the lowest
12C states as a function of ǫ, the maximal allowed eigen value of the operator
Pˆ . As can be seen from the figure, the first AFS Φ1 influences only the lowest
12C(0+) spectrum. Other levels are not affected by the three-body projec-
tor, indicating that they belong to the continuum spectra or correspond to a
resonance [26]. The first AFS Φ1 decreases the lowest 0
+ energy from -0.278
MeV to -0.627 MeV. The next AFS Φ2 creates a new 3α state with the en-
ergy of -19.897 MeV, which becomes the ground state of the 12C nucleus. It
is strongly bound with binding energy of about 20 MeV or underbound with
the energy E = −0.627 MeV in respect to the 3α threshold in dependence of
that Φ2 belongs to LQ (allowed) or LP (forbidden). In Ref. [24] the situation
was not accepted as physically possible. A conclusion of above work was to
use the microscopic description of the αα-forbidden states and not to use
the FS of the BFW potential. Such a way gives normal three-body FS (as in
other three-body systems like α+2N) contrary to the three-body FS derived
from the initial αα-potential. However, from physical viewpoint, this way is
not realistic, since the forbidden states should be associated with two-body
potentials which describe the experimental data, energy spectrum of bound
and resonance states, and phase shifts. On the other hand, a behavior of
the lowest 12C(0+) state around the critical point Φ2 can be interpreted as a
first-order quantum phase transition (QPT) from the gas like state Ψ0 to the
liquid state Ψ1 with the energy of -19.897 MeV. The situation is very close
to the finding of Ref. [12] stating about the ”nature near a quantum phase
transition”. Beyond the critical point Φ2 the energy of the Hoyle state Ψ2
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increases to E = −0.458 MeV, which is, however, lower than the experimen-
tal energy value Eexp(0
+
2 )=0.380 MeV. Also it can be found that on the left
side of the critical point Φ2 in Fig. 1 the ground and Hoyle states coexist in
the preliminary gas-like phase Ψ0. The overlap of Ψ0 with the Hoyle state
Ψ2 is 0.992, while its overlap with the ground state Ψ1 is 0.109. This means
that the ground state is mostly created by the critical Φ2 eigen state of the
operator Pˆ from the continuum. The theoretical energy of -19.897 MeV is
significantly lower than the experimental value Eexp =-7.274 MeV [27], which
indicates that the ground state can be in the phase Ψ2 with a probability,
smaller than 1. The energy of the Hoyle state can be matched to its ex-
perimental value with the help of a weakly repulsive three-body potential.
At the same time, the 0+3 resonance energy at E
∗ = 10.3 MeV [27] is well
reproduced without any additional potential. In Fig. 1 it corresponds to the
state with the energy E4 = 3.058 MeV.
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Figure 1: Energy spectrum of the lowest 12C(0+) states in dependence on the maximally
allowed eigen values ǫ of the operator Pˆ .
4. 12C(2+) spectrum
Now we go to the 12C(2+) spectrum. In this case the 2+ functional space of
the 3α system is built in the three-body channels (λ, ℓ) = (0, 2), (2, 0), (2, 2).
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Numerical calculations have been done with up to 340 symmetrized Gaussian
basis functions which yield a good convergence of the results. Exactly as in
the case of the 0+ spectrum, the projector Pˆ contains two AFS Φ3 and
Φ4 with corresponding eigen values ǫ3=6.74419×10
−6 and ǫ4=3.83029×10
−4,
which play a decisive role for the 12C(2+) spectrum. As can be seen in Fig.
2, a behavior of the 2+ spectrum is very close to the behavior of the lowest
0+ states. The eigen state Φ3 of the operator Pˆ corresponding to ǫ3, changes
the second 2+2 state energy from 2.578 MeV to 1.873 MeV. Again as in the
previous case, the critical point ǫ4 (eigen state Φ4 of the operator Pˆ ) creates
a new deep state with the energy E =-16.572 MeV, much lower than the
experimental energy value Eexp(2
+
1 )=-2.834 MeV. In other words, we again
have the first order quantum phase transition from gas-like state Ψ0(2
+) to
the liquid phase Ψ1(2
+). On the right-hand side of the critical point Φ4
(or ǫ4= 3.83029×10
−4) the Hoyle analog state Ψ2(2
+) energy increases to
E =2.279 MeV, slightly lower than the experimental value Eexp(2
+
2 )=2.596
MeV. Again as in the case of the 0+ spectrum, on the left side of the critical
point Φ4 in Fig. 2 the lowest 2
+
1 and Hoyle analog 2
+
2 states coexist in
the preliminary gas-like phase Ψ0(2
+). The overlap of Ψ0(2
+) with the Hoyle
analog state Ψ2(2+) is 0.876, while its overlap with the lowest 2
+
1 state Ψ1(2
+)
is -0.334. The two 2+ levels in Fig. 2 with energies E3 and E4 are not affected
by the projecting procedures, hence belong to the 3α continuum spectrum.
The energy of the Hoyle state E(0+2 ) = 0.38 MeV [27] can be reproduced
with the help of a weak three-body potential V (ρ) = 23 exp(−0.1ρ2) MeV,
where ρ is the hyperradius. The same potential yields for the Hoyle ana-
log state energy a value Eth(2
+
2 ) = 2.567 MeV which is very close to its
experimental value of 2.596 MeV.
An important and difficult question is, how the above quantum phase
transition effects in the 12C(0+1 ) and
12C(2+1 ) lowest states can be directly
detected in the experiment. On the other hand, the effects of the quantum
phase transition described above can influence on some observables in exper-
imental studies as background effects. If we go back to the X17 problem,
the suggested mass values of the hypothetical boson 16.70± 0.35 (stat )±0.5
(syst) MeV/c2 [1] and 16.84 ± 0.16 (stat) ±0.20 (syst) MeV/c2 [11] are for-
tutously close to the absolute value of the lowest 2+1 liquid phase energy of
about 16.57 MeV. The cost of a possible scenario of the influence of the QPT
in the 12C nucleus as a background process on the isoscalar and isovector
magnetic dipole transitions in 8Be [1] and on magnetic M0 transition in the
4He nucleus is much lower than the existence of a new X17 boson beyond the
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Figure 2: Energy spectrum of the lowest 12C(2+) states in dependence on the maximally
allowed eigen values ǫ of the operator Pˆ .
Standard Model.
5. Conclusion
In summary, an evidence of the first order quantum phase transition in
the 12C nucleus have been examined in the 3α model. It was shown that
there are effects of QPT in the lowest 12C(0+1 ) and
12C(2+1 ) states from the
gas-like phase to a deep liquid phase. It turns out that the absolute value of
the liquid phase energy in the 12C(2+1 ) state is very close to the mass of the
hypothetical X17 boson. This fact hints on the idea that the mass defect of
about 17 MeV in the experiments with 8Be [1] and 4He [11] nuclei could be
explained as a background effect due to a quantum phase transition in the
12C nucleus.
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